Abstract. This paper deals with the homogenization of the biharmonic equation 2 u = f in a domain containing randomly distributed tiny holes, with the Dirichlet boundary conditions. The size of the holes is assumed to be much smaller compared to the average distance " between any two adjacent holes. We prove that as "; ! 0, the solutions the biharmonic equation converges to the solution of 2 u + u = f; where depends on the shape of the holes and relative order of with respect to ".
1. Introduction. Let be a bounded domain in R N . For any " > 0; " denotes a perforated domain formed by randomly removing many tiny holes (depending on ") from . Consider the biharmonic equation 2 u " = f in " ; (1.1) with the Dirichlet boundary conditions u " = @u " @n = 0 in @ " \ : (1.2) u " = g; @u " @n = h in @ ; (1.3) We are concerned with the limiting behavior of the solution u " of problem (1.1){(1. 3) as " ! 0. Many authors studied homogenization of the biharmonic equations (see 3] , 10] and the references cited there). All the previous results were established for the case that the holes are distributed periodically and that the size of the holes is of the 1 same order as that of the period. It was shown (cf : 10] ) that as " ! 0, the solution u " converges to 0 to order " 4 ; the higher order asymptotic expansion was also studied in 10] .
In this paper, we are interested in the case when the holes are distributed randomly and when the volume fraction of the holes approaches zero as the number increases to in nity. Our objective is to determine the order of the volume fraction of the holes in order to obtain a non-zero limit of the solution u " of problem (1.1){ (1.3) as the number of the holes approaches 1. Let " be the \average" distance between two adjacent holes (the precise de nition will be stated in the next section), (depending on ") the size of the holes. We shall consider the case that " ! 0 as " ! 0:
The main results are the follows. The proof of our results is based on the energy method. The main idea follows those in 1], 6] and 8]. Since the di erent natures between the fourth order equations and the second order equations, the treatment here technically is di erent from the papers mentioned above. In contrast with 1] and 6] where certain periodic structures are assumed, we consider the more general situation that holes are randomly distributed with a density function. Our paper is also the rst approach to explore the relationship between the orders of the equations and the critical orders of the holes that will produce non-trivial homogenized equations. The paper is organized as follows. In x2, we shall state the problem more precisely and introduce some notations. The case when N 3 is also studied in that section. In x3 we study the problem in a ball containing one hole and derive some estimates. Section 4 is devoted to the study of the homogenized equations and the results of convergence under various norms for N > 4. The case N = 4 is treated in x5.
2. Problem Setting and Preliminaries. Let x " i ? x " j 2" for i 6 = j:
We de ne the holes T " i by (A3) T " i = x " i + T: Set
where " = fi : T " i g: This means that we exclude the situation that the holes intersect with the boundary @ . We point out that this condition for " is set up only for simplicity. All the results can be extended to the case that the holes touching the boundary. We also assume that there exists a bounded density function P(x) > 0 such that (A4) m" P i=1 " N (x " i ) ?! RR P(x) (x) dx for any 2 C 0 ( ); the set of all continuous functions with compact supports in .
Note that under the above assumptions, the number of the holes m " is approximately c" ?N for some constants c.
One example that satis es the above assumptions is the case that the holes are distributed periodically. In that case, we may take x " i = ("k 1; "k 2 ; ; "k N ); k j 2 Z and P(x) is a constant.
Consider the Dirichlet problem u " = @u " @n = 0 on @ " \ ; (2.2) u " = g; @u " @n = @g @n on @ ; (2.3) where n is the exterior normal to the boundary. To de ne a weak solution of (2.1){ (2.3), we need to introduce some function spaces. Let then the convergence is uniform in :
Proof: By (2.7) and the Sobolev embedding, it follows thatû " is ? H older continuous for some > 0, and that its ? H older norm is uniformly bounded.
Hence jû " (x)j = jû " (x) ?û " (x " i )j c" ; (2.8) for any x 2 B " (x " i ) \ 0 : Let " be the characteristic function of m" S i=1 B " (x " i ). Then (2.8) means that jû " " (x)j c" for any x 2 0 : Since " ! P weakly in L 2 ;we obtainû " " ! uP. Therefore u 0 since P > 0.
In sequel, we shall consider the case N 4.
3. Local Problems. Let The assertions follow by rescaling back. We next study the behavior of W near @B : By the regularity theory for the higher order elliptic equations 9], we know that W is smooth up to the boundary portion @B (this is also a consequence of (3.14) later in this section). We shall frequently use the following particular form of Rayleigh-Green's identity ZZ The proof is complete.
From Lemma 3.1, (T) (de ned in (3.11)) is uniformly bounded. We next show that the limit of (T) exists as ! 1. where C(r) is independent of (but depends on r). By 
dx = (T):
It remains to show that (T) > 0 and that the whole sequence (T) ! (T). To this end, it su ces to show that the weak limit W is unique. By (4. 16) It remains to study the limit of the second term on the left-hand side of (4.14). We now apply the identity (3. We now estimate the second integral in the right-hand side of (4.34). By We observe that for large ; c 1 2 ln j j c 2 The assertion follows immediately.
We now in the position to prove the main result in the case N = 4:
